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Hankel Singular Values of Flexible Structures in Discrete Time
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Approximate analytical expressions for controllability and observability grammian matrices and Hankel singular
values of discrete linear time-invariant flexible structures are derived. The diagonal dominance property of the
discrete grammians is shown, which results in the invariance of the principal directions. The approximate discrete
Hankel singular values converge to the continuous formula with increased sampling rate, whereas the controllability
and observability grammians go to zero and infinity, respectively. The approximate formula is accurate up to

frequencies close to the Nyquist.

I. Introduction

T is well known that degrees of controllability and observabil-

ity for linear systems are conveniently captured by the singular
values of grammians. These singular values have a wide range of
applications from system identification and model reduction to ac-
tuator and sensor placement for effective control and sensing con-
figuration. Although the physical interpretation and approximating
formula have been investigated in detail in the past for continuous
systems (see, for example, Refs. 1-9), there is a significant lack
of results for discrete systems, although the results are expected to
be analogous to the continuous case. This need for results in the
discrete domain is painfully clear, for example, when a control en-
gineer is faced with the task of analysis and design of controllers
for a large-order model of a discrete system.

In this paper, analytical expressions for controllability and ob-
servability grammian matrices and Hankel singular values (HSV)
of discrete linear time-invariant flexible structures are derived. Re-
sults based on two types of models for discrete flexible structures are
given: discretization of continuous systems via sampling and zero-
order-hold (ZOH) and implicitly discrete models. The first type of
model is typically obtained by analytical means, whereas the second
type typically arises from system identification. The sampled/ZOH
model is a parameterized model that allows direct comparisons to
continuous singular values when the sampling rate is varied. Deriva-
tions of the approximate singular value formulas are given only for
the first type of model, and the results based on the second type
of parameterization are summarized as corollaries. For the class
of flexible structures with small damping and distinct frequencies,
the preceding formulas are significantly simplified. The approach
is complementary to the earlier results on continuous time flexible
structures reported in Refs. 5-7. Similar to the continuous case, the
diagonal dominance property of the discrete grammians for small
damping is shown. As a result, the approximate invariance of prin-
cipal controllability and observability directions also holds for dis-
crete time flexible structures. The dependence of the grammians on
the sampling time and in particular their deviation from the cor-
responding continuous grammian is investigated. In particular, it
is shown that the approximate discrete HSV formula converges to

Received Nov. 17, 1995; revision received June 23, 1996; accepted for
publication July 1, 1996; presented as Paper 96-3757 at the AIAA Guid-
ance, Navigation, and Control Conference, San Diego, CA, July 29-31,
1996. Copyright © 1996 by the American Institute of Aeronautics and As-
tronautics, Inc. No copyright is asserted in the United States under Title 17,
U.S. Code. The U.S. Government has a royalty-free license to exercise all
rights under the copyright claimed herein for Governmental purposes. All
other rights are reserved by the copyright owner.

*Research Engineer, Guidance and Control Branch, Flight Dynamics and
Control Division, MS 161.

Technical Staff, Communications Ground Systems, MS 144-201.

1370

the approximate continuous formula with increased sampling rate,
whereas the controllability and observability grammians go to zero
and infinity, respectively. It is shown by numerical examples that
the approximate formulas for singular values of discrete control-
lability and observability grammians and HSV are accurate up to
frequencies close to the Nyquist frequency. Two levels of damping
are assumed to evaluate the effect of violating the assumption of a
lightly damped flexible structure.

IL
A. Continuous Time
Letthetriple (A, B, C) denote a modal state—space representation
of a flexible structure with » structural modes. Following earlier
definitions,®~1 define the modal state vector x of dimension r, x 1,
where n, = 2n, such that

Flexible Structure

x=0 wom @) )
Then the modal state equations take the form
Bl*
x = diag(Ay, ..., Ap)x + u )
By,
y=1[Cu Canlx 3
where
A = l:—z&'wi —w; il, B. — l:bi]
w; 0 0
1G]
Ci=lci (lfweu)

andi =1,...,n, b = ¢TE, c;; = Fy;, and ¢,; = G;;. Notice
that for small damping

0<f Kl )
The preceding choice of the state vector gives the approximately
normal state matrix and hence approximately orthogonal eigenvec-
tors. For flexible structures with distinct natural frequencies, the
steady-state controllability and observability grammians asymptot-
ically (as ¢ — 0) approach two-by-two block diagonal matrices as

given in Refs. 6, 7, and 10,
2 92 . Bi:6; 2
i 4 6
Yi o (6)

i 2 _
4Lia;’ Yoi = Ao

Vi =
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where
2 T
ﬂi i = bi b j (7)
07 = (1/o})chcai + chicn (8
are the modal grammian coefficients.®°

B. Discrete Time

Two different forms of parameterizations of the discrete flexi-
ble structures are considered. The first form is used in the detailed
derivations in the remaining sections, and the results based on the
second form of parameterization are given as corollaries without
details.

1. Sampled/ZOH Model

Consider a continuous flexible structure as defined by the block
diagonal modal state-space representation in Sec. II.A and sampled
at the outputs with period T and with a ZOH at the inputs. The state
equation is given in this case by

x(k + 1) = Ax (k) + Bu(k) 9
y(k) = Cx(k) + Du(k) (10)

where C = C and D = D, whereas the discrete system matrices A
and B are given by

A = T = blk-diag[A(T). ..., A, (D] an

_ k+1)T
B = / exp{Altk + )T — ]} dzB
KT

= blk-diag(M1, ..., M,)B 12)

where
—~ T -
M; =/ A;(E)dE
0

and by denoting the damped frequency of the continuous structure
as wg; = w;+/(1 = ), the ith block of A is

. —&o; sin(wy; T)
A~’(T) — M |: +wdi COS(CO,],'T) {ia)i sin(wd,- T)

+wy; cos(wy; T)
(13)

—Wj sin(wd,- T) }

Wai w; sin(wy: T)

2. Implicitly Discrete Model
In general, the state matrix of a discrete time model of a flexible

structure may be fully populated. The following defines a similarity

transformation to block diagonalize the state matrix.

Lemma 1: Let the quadruple (4,, B,, C,, D,) denote the discrete
state-space matrices of a flexible structure. Let (z;, v;) denote the
ith eigenvalue and eigenvector pair of A_. The state transformation
matrix

V =[Re(v;) —Im(vy)

Re(v,) —Im(uy)] (14

block diagonalizes the state equations as in Egs. (9) and (10), where

A= blk-diag[Al(T), e, A,, ()] (15)
B=V~'B, c=c,v, D=D, (16)
and
~ | Re(z) —Im(z)
Ai = |:Im(zi) Re(z;) } an
O

For a lightly damped flexible structure, its ith discrete eigen-
value lies just inside the unit circle and can be written as z; =

expl(—$8; + j¥)T], where §; > 0. The A; matrix in Eq. (17) then
becomes
(18)

i =

i cos(v;T) —sin(yiT) | _;r
sin(y; T)  cos(y;T) ¢

Since the preceding discrete eigenvalue is related to the eigenvalue of
the corresponding sampled continuous signal, the following analogy
holds: §; < ¢;w; and ¥; < wy;.

C. Small Damping Approximation

Assuming that the sampling rate is sufficiently fast such that the
sampling theorem is satisfied (see, forexample, page 111 inRef. 11),
ie., w; < m/T for all i, one obtains from Eq. (5)

LT <1 (19)

The two-by-two block matrix A; in Eq. (13) can be approximated
by

Aj(T) Z W(T) exp(— i T) (20)

where W;(T') is an orthogonal matrix of the form

2D

W (T) = |:cos(a)d,~T) — sin(a),h-T)}

sin(wg; T)  cos(wy T)

Note that Egs. (20) and (21) are analogous to Eq. (18). Using
Eq. (20), one can reduce the definite integral in Eq. (12) to

B = blk-diag(My, ..., M,)B (22)
where
M; = —%[“i _bi] (23)
wi | b a
and
a; = w; sin(w; T) + O(;) (24)
b; = w;[1 — cos(w; T)] + O;) (25)

III. Controllability Grammian
A. Definition
For the time interval (kT k;T), the discrete time controllabil-
ity grammian W,(k, k) is defined in terms of the state transition
matrix ¢ and input matrix é,

ky—1
W, (ko, k1) = Z Oy, k+ DBBTO7 (ky, k + 1)
k=ky

= P.(ky — ko) PT (ki — ko) (26)
where P.(k; — ko) is the discrete time controllability matrix
P.(ki —k) =[B AB Ah—h-lp] @7

It can be shown that the preceding grammian satisfies the following
equation:
AW (ko k1) AT + BBT = W, (ko, k) + @ k1, ko) BB &7 (k1. ko)
(28)
For asymptotically stable linear systems, the last term in Eq. (28)
vanishesask; — oo. Thisleads to the steady-state discrete time con-

trollability grammian W, , which satisfies the following Sylvester
equation:

AW, AT + BBT =W, 29
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B. Closed-Form Solution

By taking advantage of the two-by-two block diagonal form of
the state matrix in Eq. (11), Eq. (29) can be written as a set of
two-by-two Sylvester equations,

Ai[W"oo]ij’iJT' +IBB"); = [W"w]ij (30)

wherei, j=1,...,n,and
A; = A(T) €)Y}
[BB"1; = B;B; BT B (32)

and [W,,1;; is the (i, j)th two-by-two block of [W,]. For small
damping, Eq. (30) can be approximated by
exp(—5i TV [ We, | W] exp(=¢jo,T)—[We, |, = —[BBT];

(33)
and equivalently by postmultiplying by the orthogonal matrix ¥;,
one obtains

0 Wi[We | = [Weo ], Vi7" = —[BB I W0, (34)

1]

where
a; = exp(—§wT) (35)

After some manipulation, it can be shown (see Appendix A) that the
solution for the steady-state discrete time controllability grammian
for flexible structures is given as follows.

Proposition 1:

B (0] (0]
[Weuly = —5 =5 Re | 81— 4 By (36)
W; W5 Pij Wij
wherei, j=1,...,n,and
[Qi;]u1 = Mjlasa; + bib; + j(b;a; — a;bj)} 37

[Qijla = Aj{—aia; + bib; + j(bja; + a;b;)} (38)

Pij =Ol,')»,' —Olj_l)xj (39)
Hij = Ol,*)k;‘ - aj"l)»,- (40)
1 -1 —j
8 = ; &, = 41
1 [—f 1] 2[—11} “v
The asterisk denotes complex conjugate. O

For the state space parameterized asin Egs. (15-17), the following
results hold.

Corollary 1:

1 Di; D
[W.]. = ____RQ<EI[Q_,]H +EZ[Q_,121) @

N 20; Pij Hij

wherei, j=1,...,n,and

[0ih = zj{ai; +dij + j(cij — bij)} 43)
[Qij]Zl =Zf{—aij+dij+j(cij+bij)} (44)
Dij = 07 — &j_lzj (45)
Py = &z} =872, (46)
o = T @7

O
In the preceding corollary, z; denotes the ith discrete eigenvalue,
whereas a;;, bij, cij, and dj; are the input matrices defined by

FRTY . _ Ty-l1 ry-r1 _ | % bi
[BB"); =[V"'BB[VT] = [c,,— d”} (48)

Note that Corollary 1 is an exact relationship.

Im

Fig. 1 Eigenvalues of flexible
Re structure.

C. Diagonal Dominance
The denominator scalars in Eq. (36) can be expanded as follows:

[p,»,-] ~ [(1 — G A~ (L Lo A, + 0(:3)} )
Hij (4 GoiTA = (1+ o Tr; + O(gF)

where A; is the ith discrete eigenvalue of the ith two-by-two orthog-
onal matrix ;. For the off-diagonal block matrices where i # j,

|:pij ] . A=A =G T(A +Aj)+@(§i2) :I N [)»i — ]
Hi )‘?—)‘j‘§iwiT()~;‘+Aj-)+(9(§iZ) A=

(50
For the diagonal block matrices where i = j,
l: Pii ] . —2Lw; TA; + O(Ciz)
Hii A=A — {iwiT()»f + )»,-) + O({iz)
iw; TA;
= -2 'C.w (51)
Jsin(w; T)

Figure 1 shows the undamped discrete eigenvalues and denomina-
tor scalars p;; and u;; in the complex plane. For small damping,
the eigenvalues lie close to the unit circle, i.e., multiplied by the
scalar ; [see Eq. (35)]. Notice from Fig. 1 that if the system has
distinct complex conjugate poles, the vectors A; and A ; will never be
collinear if i # j so that p;; #0 and u;; # 0. From Egs. (50) and
(51), note that only the denominator factor p;; asymptotically ap-
proaches zero as the damping ratio approaches zero. Since a;, a;, b;,
and b; are constants, the numerator factors [Q;;]1; and [Q;;]21 in
Eq. (36) are also constants. This means that the diagonal block ma-
trices of the grammian [W,];;, which contains the denominator
factor p;;, can be arbitrarily large as ¢; — 0, whereas the magni-
tude of the off-diagonal block matrices [W, 1;; is fixed. Thus the
controllability grammian matrix for discrete flexible structures is
diagonally dominant. Consider only the block diagonal terms, for
i = j. Equations (37) and (38) simplify to

[Quln = Mi(a] +b7) = 20701 —cos(@; T)]  (52)
[Qiilar = Ai(hi + ja;)* = 2wi[1 — cos(w; T)] (53)

Using Eqgs. (52) and (53), one can simplify the block diagonal gram-
mian in Eq. (36) to the form

1 1
217 _ . T sin(w;T)
[ch]“ ~ B[l — cos(w; T)] & sin(w; T) 54
ii 20)3 1

1

sin(@; T) ol

Furthermore, only the diagonal elements of the block diagonal ma-
trix are inversely proportional to the damping, so that the simplest
approximation form can be written as follows.

Proposition 2:

[ch]i,. = yc?;'12><2 (55)
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where

)2 = 2 2[1 — cos(w; T)]
< 4{,’(1),‘ (DIZT

(56)

a
The first term in Eq. (56) corresponds to the ith controllability gram-
mian for the corresponding continuous system. The term f;; corre-
sponds to the ith modal grammian for controllability.

Similarly for the state space parameterized as in Sec. I1.B.2, the
diagonal dominance of W, ];; in Eq. (42) holds because it contains
the denominator factor p;;, which can be arbitrarily large as ¢; — 0.
After some algebra, it follows that the block diagonal grammian in
Eq. (42) can be expressed as

1 |a+d; aii —di  —2bu
W ]|. = —=1————h«
[Wes ], 4a; { &sT  ° 2+[ 2b;  —ay +di

1 2b; a4 —dy
+ (57
tan(ilf,-T) ai; — d,‘,‘ 2bi,'

Furthermore, only the first term in Eq. (57) is inversely proportional
to damping so that the simplest form of the approximation can be
written as follows.

Corollary 2:

~ Gii +dii
[(Wew ], = BT e (58)

IV. Observability Grammian
A. Definition
For the time interval (koT, k;T), the discrete time observability
grammian, W, (ko, k1), is defined by

W, (ko, k1) = P, (ky — ko) P, (ky — ko) (59
where the discrete observability matrix is
o)
CA
Po(ky — ko) = . (60)
éAkl —ky—1
It can be shown that the preceding grammian satisfies

ATW, (ko, k1)A + CTC = W, (ko, k1) + D (ky, ko) CTC D (ky, ko)
(61)

For asymptotically stable linear systems, the last term in Eq. (61)
vanishes as k; — oo. This leads to the steady-state discrete time
observability grammian W, , which satisfies the Sylvester equation

ATW, A+CTC=Ww,, (62)

B. Closed-Form Solution o

_Analogous to the controllability case, (A, B) can be replaced by
(AT, CT) so that a set of two-by-two Sylvester equations for the
observability grammian satisfies

/{iT[WOm]ijAj + [éTé]ij = [W"‘”]ij ©3)

wherei, j = 1,..., n,and [W,_];; is the (7, j)th two-by-two block
of [W,]. With the same approach as taken in Sec. IILB, it can
be shown (see Appendix B) that the solution for the steady-state
discrete time observability grammian for flexible structures is given
as follows.

Proposition 3:

1 R:: R
[W"“’]ij = __RC(ET[ 11]22 + E;[ 11}12) (64)

Pij Mij

where
[Rijle = 2 {8} + 87 — j (6% —8!7)} (65)
(Rl = a;{ = 8 + 8% — (55 +87)} (66)
0

For the state space parameterized as in Egs. (15-17) analogous
results hold. However, the output matrix appears in a different form.
The outer product of the output matrix for the (i, j) block becomes

s 12
[éTé]ij == CZ;C*I = _IJ _U (67)
82 522
ij ij
where
C.i = C,[Re(v;), —Im(v;)] (68)
S,»ljl = Re(v,-)TCZTCZRe(Uj) 69)
87 = —Re(v))" CI C,Im(v;) (70)
8 = —Im(v;)" C] C,Re(v;) (71)
8_’2]2 = Im(‘vi)TCZTCZIm(Uj) (72)
Note the symmetry fori = j
52 =512 73)

This different form of the state and output matrix leads to the fol-
lowing result for the (i, j) block of the observability grammian.
Corollary 3:

[Wo.],, = —2——;7Re(8’1‘ [jo]” + 8 [sz,]-12> (74)

where
[Rij]ZZ =2Zj {giljl + Sizjz - j(gizjl - Siljz)} (75)
[Rijlio = z;{ = 81 + 52 — j (5% + 1)} (76)

O
Note that the preceding corollary is an exact relationship and is
similar in form to the approximation in Proposition 3.

C. Diagonal Dominance

The diagonal dominance argument for the observability gram-
mian is similar to the controllability case. From Eqgs. (50) and (51),
note that only the denominator factor p;; asymptotically goes to zero
as the damping ratio approaches zero. Since the terms 8}/ are fixed
constants, the numerator factors [R;;]2; and [R;;]2 in Eq. (64) will
also be fixed constants. This means that the diagonal block matrices
of the grammian [W,, ];;, which contains the denominator factor p;;,
can be made arbitrarily large as ¢; — 0, whereas the off-diagonal
block matrices [W,];; will not. This represents the diagonal dom-
inance property of the observability grammian for discrete flexible
structures. Therefore, consider only the block diagonal terms. After
some algebra, the block diagonal observability grammian in Eq. (64)
can be reduced to the form

1 /8l 482 sil — §22 2812
[Wewo ], z(—” 3 sz2+|:” ! . }

IR

Lo T 28;2 =8 +87
1 2612 —8)1 + 8%
1 1 u 77
+ tan (w; T) [ =3} + 82 —25/2 :|> a7

Furthermore, only the first term in Eq. (77) is inversely proportional
to damping, so that the simplest form of the approximation can be
written as follows.
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Proposition 4:

[Woo),; Zvalxo (78)
) R
o GLrol) & 1 (79)
o 4{,’60,’7‘ 4{,‘0),‘ T
O

The first term in Eq. (79) corresponds to the ith observability gram-
mian for the corresponding continuous system.

Similarly for the state space parameterized as in Egs. (15-17), the
diagonal dominance of [W, ];; in Eq. (74) holds because it contains
the denominator factor p;;, which can be arbitrarily large as ¢; — 0.
After some algebra, it follows that the block diagonal grammian in
Eq. (74) can be expressed as

1 [} +5%
[W””"]ii B _ﬁ: (m_—llzx2
n 6{,’ '_Al —'AZ (80)
& —2afcosQyiT)+1 | —Ay Ay
where

A= (=81 +87)[@ cos@yiT) — 1] + 2574 sin@y: T) (81)

Ay = ( —~ 8+ 5‘52)&,? sinQy; T) — 26,7 [a,? cos2y; T) — 1] (82)

Furthermore, only the first term in Eq. (80) is inversely proportional
to damping, so that the simplest form can be written as the following
approximation.

Corollary 4:
S 4 522
w, | =2t—*6L, 83
[ w]” T 22 (83)
]
V. HSV

Because of the diagonal dominance property of the discrete con-
trollability and observability grammian for flexible structures, the
square of the ith HSV follows from Propositions 2 and 4.

Proposition 5:

4o 2 2 1 —cos(w; T)

_ T(.T 2T
Yi = YoiVei = Swiﬁfisz b;b; (Cdicdi + wic 46‘,[) 84)

1rt

a
Similarly, for the state space parameterized as in Egs. (15-17),
Corollaries 2 and 4 lead to the approximate HSV.
Corollary 5:

(ai,- + d,'i)(gilil + 812,2)
(48,T)?

V,‘4

IR

(85)

]

Let the factors of deviations of the singular values of the discrete
grammians from the singular values of the continuous grammians
[as given by Eq. (6)] be defined by the following for the ith mode:

_ 21 —cos(e; 1))
N w!T

o, =1/T 87)

(86)

i

In the limit when the sampling period approaches zero, the singu-
lar values of the scaled discrete grammians converge to continuous
values, whereas the discrete HSV approaches the HSV of the con-
tinuous system’~7 as follows.

Proposition 6:

lime; 1/T =1 (88)
T50
0T =1 (89
A\ 2

. Bii0;

lim y* = [ 222
TILI%) Vi ( 44 w; ©0)
where 2 and 6? are defined by Egs. (7) and (8). O

1
f_IA_NYQ

Fig.2 Effect of sampling: deviations from continuous singular values.
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Fig.3 Exactand approximate singular values of grammians for CEM

structure; ¢; = 0.01; first row: g = 100, second row: g = 0.1, and third
row: g = 0.0001.

Note that without the sampling period scaling factor, the discrete
controllability grammian approaches zero, whereas the discrete ob-
servability grammian approaches infinity. This result is consistent
with the earlier and more general result involving principal compo-
nent analysis (see Proposition 7 in Ref. 4). In addition, the preceding
convergence of the discrete to continuous HSV for flexible structures
is analogous to the more general result (see Proposition 8 in Ref. 4)
where the singular values of the discrete Hankel matrix converges
to the corresponding singular values of the grammians for the bal-
anced system. For the state—space parameterized as in Eqgs. (15-17),
the HSV dependence on the inverse square of the sampling period
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Fig. 4 The rms error in approximate singular values for CEM struc-
ture; ¢; = 0.01; W, error: , Eq. (54) and- - -, Eq. (55); W, error:
——, Eq. (77) and - - -, Eq. (78); HSV error: » Eq. (84).

in Corollary 5 cancels with the numerator factor (a;; + d;;), which
is proportional to the square of the sampling period as indicated by
Egs. (12) and (48). Indeed, similar results hold for the preceding
type of parameterization in that the controllability and observabil-
ity grammians go to zero and infinity, respectively, with decreasing
sampling period.

The relationship between the discrete Hankel matrix P, P, (Refs. 4
and 12) and the approximate formula for the HSV T'? given in
Eq. (84) is given next.

Proposition 7: Define the singular value decompositions P, =
U,Z, V! and P, = U, X, V7, then

P,P, = R(W,W,)% 5T = RT2sT ©n

where R=U,V!,S=V.UT,and RTR =1 = §7§. o

Note that the singular values of the Hankel matrix is defined for
an interval of time, whereas the analytical formula assumes a steady
state or infinite time.

For comparison purposes with respect to the singular values of
the continuous grammians, the factors ¢; /T and o; T are used. This
additional sampling period factor makes the singular values of the
discrete grammian physically consistent with continuous singular
values. Figure 2 shows the effect of sampling on the singular values
of the observability and controllability grammians and the HSV as
compared with the corresponding continuous singular values. At
high sampling rates (for instance, w;/wnyq < 0.2), the predicted
discrete singular values are close to the corresponding continuous
singular values. Both the controllability and HSV decrease with
slower sampling rate. The exact discrete singular values are expected
to drop significantly in the neighborhood of Nyquist frequencies.
This singularity near Nyquist is not predicted by the approximate
analytical formula. In particular, the observability factor remains
constant, which is counterintuitive, and hence this approximation
appears to fail near the Nyquist frequency.
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Fig.5 Exact and approximate singular values of grammians for CEM

structure; ¢; = 0.05; first row: g = 100, second row: ¢ = 0.1, and third
row: ¢ = 0.0001.

VI. Example

To validate the analytical formula, the exact and approximate
grammians are computed for a former NAS A experimental structure
called the control-structures interaction evolutionary model (CEM)
and is described in more detail in Refs. 8 and 9. A total of eight air
thrusters are selected along with three displacement sensors. The
structural model consists of n, = 12 modes whose first six modes are
suspension modes. The frequencies are closely spaced and lightly
damped, which is a typical phenomenon for this kind of structure.
Case 1 assumes 1% damping ratio, whereas case 2 assumes 5%
damping ratio for all modes. Note that a flexible structure with 5%
damping ratios for all modes (case 2) will not usually be considered
as lightly damped. This significant level of damping is used for the
purpose of evaluating the level of the approximation errors in the
singular value formulas.

Figure 3 shows the comparisons between the exact, Eq. (29),
and the approximate singular values of the controllability, Eqs. (54)
and (55), and observability, Egs. (77) and (78), grammians and HSV,
Eq. (84). The three rows of plots in Fig. 3 correspond to the sampling
rates of

Zfwemmaxi fi 60 01 0.0001 (92)
max; f;

where max; f; = wj;/2m. The first two rows from Fig. 3 represent-
ing normalized sampling rates of ¢ = 100 and 0.1 show that the
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approximate formula predicts the singular values accurately, up to
frequencies near 90% of Nyquist frequency. However, the last row
of plots (g = 0.0001) show a near singular condition represented
by a large drop in the smallest singular value with increased errors
in the remaining singular values. However, the last row corresponds
to frequencies very close to Nyquist, i.e., ¢ = 0.0001.

Figure 4 shows rms error plots of the approximate diagonal singu-
lar values for both types of approximations as a function of sampling
rate 2 fyyq. Bach error of the singular value is normalized by the
corresponding exact value. The figure shows that the approximate
formula predicts quite accurately down to Nyquist frequencies that
are only 10% higher than the fastest mode. The normalized rms er-
ror is dominated by errors in the smallest singular values consistent
with Fig. 3.

To evaluate the effect of larger damping ratios (case 2) in the
approximate formulas for the singular values at different sampling
frequencies, Fig. 5 shows the comparisons between the exact and the
approximate singular values of the controllability and observability
grammians and HSV. The three rows of plots in Fig. 5 correspond
to the sampling rates in case 1. As in the lighter damping case, the
approximate formula predicts the singular values accurately, up to
frequencies near 90% of Nyquist frequency. The last row of plots
similarly shows a near singular condition represented by a large drop
in the smallest singular value with increased errors in the remaining
singular values.

Figure 6 shows the approximate diagonal singular values as a
function of sampling rate. Figure 6 shows that the approximate for-
mula predicts quite consistently down to Nyquist frequencies that
are only 10% higher than the fastest mode. The normalized rms
error is again dominated by errors in the smallest singular values
consistent with Fig. 5. The rms error significantly increases with
the fivefold increase in damping ratios. However, it is noted that the
damping ratios for case 2 are too large to be considered a lightly
damped flexible structure.

VII. Conclusions

The results complement earlier work on continuous time flexible
structure. For flexible structures modeled in discrete time, analytical
expressions for singular values of controllability and observability
grammian matrices and HSV are derived and validated through nu-
merical examples. For the class of flexible structures with small
damping and distinct frequencies, the preceding formulas are sig-
nificantly simplified. It is found that the approximate formula is
quite accurate up to near Nyquist frequencies. The discrete HSV
converge to the approximate continuous formula with increased
sampling rate. The simple but accurate approximate formula can
provide useful physical insights in the selection of actuators and
sensors, model reduction, and controller designs for flexible struc-
tures modeled in discrete time.

Appendix A: Proof of Proposition 1

By modal decomposition of the orthogonal two-by-two matrix in
Eq. (21)

U= XA X7 (A1)
where
A; = diag(hi, A7) = diaglexp(jouT), exp(—jwuT)] (A2)
LiJj —J

Eq. (34) can be decomposed, after premultiplying by X7 and post-
multiplying by X, to obtain

G A XF [We ] X5 = X[ W], X005

It follows that the four elements of the two-by-two matrix [W, 1;;
satisfy

bl =0y (AS5)

where
[Weu], = Xi[We], X7 (A6)
_ (] [
(W], S e m (A7)
! [ “w]ij [W"‘”]ij
Qi =—X/[BB");;X;Ajo;! (AB)

and p;; and p;; are defined by Egs. (39) and (40). For small damping,
Eq. (22) can be used to simplify the outer product [ BBT |;; appearing
in Eq. (A8) to

[BB"1;; = M;[BB");;M] (A9)
where M = blk-diag(M, ..., M,). Using the expression M; in
Eq. (23) and [BBT];;, where

By O
[BB"); = B;B] = [ 0 0] (A10)

where ,Bizj is defined by Eq. (7), the expression in Eq. (A9) can be
expanded to

. 8% Taa; ab;
BBT),; = - T All
[ ]} a)?a)? b,«aj b,-bj ( )
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Using Egs. (A2), (A3),and (Al1), Q;; in Eq. (A8) can be approx-
imated as

(A12)

02— 5 [[Q;,-]u [Qij];]
iy —

20t0? | [Qijla 1Q41}
where [Q;;]11 and [Q;;]21 are defined in Egs. (37) and (38). From
Eq. (A5), the two-by-two matrix [W,, ];; can be written as

1
—[@i;1n
2 P

7 ~ ij

1
—[Qi1n
Hij (A13)

1 1
—[Qiln  —[Qili
P o il

Finally, Eq. (36) is obtained from Eqgs. (A6) and (A13).

Appendix B: Proof of Proposition 3

With the same approach as taken in the proof of Proposition 1, it
can be shown that

~ -~ 412
p?j[an]iljl Mij[ ()“’]ij — R, (Bl)
- 121 - oq22 | TR
/‘L?j[W"""]ij Pij [W“w]ij
where
[Wow ]y = Xi[Wo ], X7 (B2)
Wooll [Wa ]
[Wam] [ ""]Ij [ ""]1/ (B3)

T - q21 =

[(Wow ], [Wonli:

R =-X/"IC"Cl; X; A" (B4)

where p;; and p;; are given in Egs. (39) and (40). The output matrix
product [CT C]; ; can be written as

o chcrj %C,Ticdj 8 87
[CTC]ij:C"TiC*j= 1 r lj T - 52§22
'w_icdicrj 'wi_wj'cdicdj ij  Cij

(B5)

Note that for i = j, 82! = 8/2. For the special case of rate sensors
only,

8 =681 =67 =0 8} = cher (B6)

whereas for the case of displacement sensors only,

52 = Cuu (B7)

12 21 11 .
87 =08l =5l =0; 2=
wiw;

It can be shown that R;; in Eq. (B4) can be approximated as
R 1 [[Rij]§2 [Rij]12:|
T 2R, (Rl

2
where [R;;]2; and [R;;]i2 are given by Eqgs. (65) and (66). Finally,
after some algebra, [W,_];; given by Eq. (64) is obtained.
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